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ABSTRACT

The theory of beams on elastic foundation occupies a prominent place in contemporary structural
mechanics. The governing equations of motion of dynamic systems are generally partial differential
equations that are difficult to solve in mathematical terms. This work is facilitated through the use of matrix
methods and modern computational techniques. The matrix methods are based on the concept of replacing
the actual continuous structure by an equivalent model made up of discrete structural elements having
known elastic and inertial properties expressible in matrix form. The purpose of the present paper is to
expand the dynamic stiffness matrix of a Timoshenko beam-column on two-parameter elastic foundation.
So, first, a brief review of the literature related to soil-structure interaction is presented. Then, the method
of dynamic analysis of the structures with distributed mass and elasticity is discussed. In the discussion, the
procedure of derivation of dynamic matrices using exact differential equation of vibration is studied.
Afterward, the Timoshenko beam theory which takes into account the effect the rotary inertia of mass and
shear distortion can be modeled is presented. Furthermore, foundation model including two-parameter
models of elastic foundation are studied, and the governing differential equation of vibration of each
presented model is derived. Then, the differential equation of the model is solved in order to derive the
dynamic stiffness matric of a Timoshenko beam-column on two-parameter elastic foundation. Then,
expansion of the obtained dynamic matrix is carried out using power series. We use program Mathematica
for this purpose. The result of this expansion is a two-variable power series of some useful matrices in
terms of vibration frequency and axial force which its coefficients are the relevant first, second and higher
order stiffness, geometrical and mass matrices.

Keywords:

Timoshenko beam, Two-parameter elastic foundation, Dynamic stiffness matrix, Expansion of the dynamic
stiffness and stiffness matrix.

o¢



YO .7 AP xr/ oA x{;’f 29 o’jvb)cjjdb/g

doddlo -
3 S S ] s 5 Sl | laliodle b6 5lass gppe Sl i (53, 1 3Sart (slae8 Snalis Lol
Slausls 5 g )| lasge ns Jold (cagos sy (ol )] Altas b alasl) o 2 Slidions jl gk ) olaai . cuwl 0092 0L
Sl Jsl ggo9e 955 (aseie Wb gsdse 95 3 e (Seslus i Jo sly IS psb a [FN] e 00gy (b
Sliss sl 85 0nsl (2R L (Jin skl 55 (6595 40 55 o Sl oS 08 o sl el [l 5590 15 (5595
ol pade 6l 6,55 cnl el oo 53 8 Slool jo AT jebylen uismen .l o] Coawd 4 b sl S s g 0,
e )lg 1y (oA S USSss 1 TsSibgars 9 0855 Lo | A1 0 ez Slisd sesml SR decasgase
ool gSidgand 5 (695 ool (6 515 0 BB VL slasge sl 02 5 by Sladge sl mo 45 00l ezl (595 (pl S
o3l oo L LI (g0 (slay, 5o ailbicn Jolow gy o ol 00,05 )13 4z 5 3,50 b 4 cago alies [V] 0530
s s Jsle b, 255 co plonl Jalow ¢ Jolae Lo 5 i o3ls 55 3 dbly o 00 S dpmnsins¥] g pyz (15 45 vy
95 3 85 0yt @l Lol il o (Sl S il 5l ooliciul 5 p 12 g (i (Z5n (e Sl ile (095
YU slasge ;5 oy 4 5 ) Spalis L, i3 5l 5 i St B g e 435,55 4 Syaoms I
oolaiwl 050 |y (Soliys s5ew ol o 0] Cawd 4 (gl GuBo Y olee Olgi e g, ol blie o aiinas loebl LB
39 5lo o jrd g log yu i bl | Slilie - (6 o OYolee 4y jonine dbogy po il 250 aloles ululyy 385 og, w0l )l,3
35 ;55 Wl odee als 50 (pl 4y az g L Jl b valss Jo 385 O 00 4y bt o] o b a5 05 s 55 lall sl
ol oul plonl pwdige Pl ;3 §Siligad 125 (6595 65 90 43 (S)loms DRSS (i 00 piiie SYUe y0 oS
Sl o5 adlllas jo Tol)Kan g olayg ool w3 )5 15 ool andllae 3,50 53l ans iz )0 (elligd yies g9, 5T s
L1, SB og (Keal eims (ol 50,5 w2 (5505090 s 595 Joip ksl s o3l Gl )] o |y, ST (09 (Sem d
b sl )li90 s 595 55 09aome izl Joo To)lam g logy [A] 028 )5 1o 15 505 50 (el )ligd s (3092 it g pas
& Sl sz seege S fsosdle [A] wad (258 (Sem g ot i s S adllas cnl o 00 gy n |y sl S
Vs alllas ;o Jake jus 55 (5o s grasly 0 5yl s 5 (el SIS ] sl 00,5 LI, IS 5 ey (xlas
g a1y s (Sem it (5 b IS0y o (655 Join = ksl s S0 phes sl M sy 9 9298 DIV ] el onds )
5 Sl dgamme sl Joe oS yian g BgwYg Jow 5l eoliiwl b Yog!l g (090 [VY] wis,S R G5 Jo g (Sl
53 Fmr (53 9Shdyosd 55 5 iy gl 5 ST Al 5 (5l 953 anlllas ;00 LLTVYT wols iyl (5 kel g0 i (53,
axyo IS5 @y 51N olen g oz [VF] csl00,87 gy 65585 U Sjgo a1 1) (IS (2SS Ll b SVl (g2l

! Rayleigh

2 Timoshenko

3 Widad et al.

4 Boudaa et al.

> Mullapudi

5 Winkler

7 Acvar

8 Froio and Rizzi

° Mullapudi and Ayoub
19 Obara

1 Chen et al.
o0



YO .7 AP xr/ oA x{;’f 29 o’jvb)cjjdb/g

5 3031 Gola )] gy 4 395 aalllan ;0" 3l T [VO] wio S eslil (g el )l S5 SVl i (59, 55 3l Sl o2y
[\?]wloo;‘s.u)).‘lefjsfam)ob&bwulfljwl4.._>|.>).'JWY5JM)|ooLaM|LMY|ML55)
s)LmJM 9 4......45...; .L:.ou; 6)934 )I oolaul L» as LS"M'A? )i..l 9 ).u ).._’> )..S‘J? )JQlJLA 0oy ULMS-' U,uLw‘).) 4.‘4.»‘) U"‘ ] om—l
S o 58,5 o bl ISy s (59, 5 s e ool3T Lalas )T e g Lo [VY] sl ot s 4 35 pake o, Joe
Aol oo dpto [l Jlus B 50 s ligend pd St L yile 45 WD H9lol Wb imen [YA] $s 6] Cows 4 S e
o Fle a5 al Sate b Julow (B9, 9590 50 500 Sl eeiS (o0 eoliial 15 6595 cnl Sl Allie Gl o Lo o (e @
35590 53 Al @S (380l olae Sl oalitnl b 'z by S5 s (59, p sSibiger b (Selind (o
o\b; 8‘;.\." o> ‘5..49) |n).‘> 9 (SNM ‘5..7:..4 ‘LS'M LSLQU*‘")"L" uo)ﬂ Cawd Le 6‘,) \&)b ‘(.593 u.]UaA » 05)19 bj.w OOLQ.».MJ‘
Sz 45 34 co 00l i Sl (sloeg oo 5l ooliol b Saaliys Zeas s lo glagyledl ol Loy 31 b ol 0 s
Loy 030l aalol b 35 1, 5V 5 g by (ol e it a5 3 50 (glol (6l pma e et Lany ol 51 ool 3l s o
w).» u.uh Q}M‘so ool Ja.m.) (5"5) LSLQ‘SIMH )‘ oolazwl Ls s o w;al.a &J‘J‘ )Ls ij) u.ul...u‘).» B 09"‘)&5" eb)BT Cowd
Peden )8 dgasma syl (g 5l Jole lojles sl Sle 5 3035 Jonil s dlolae 5| ol (Sl (S50 o e

OFE (g o =Y

P-A -1t

P @iz @ ) Gl nl JS8,0is ) IS8 o oS (o0 S 1) (Sl 5 (st la Sl et S (g 8 5l el S T
ilogr walys pl (o3 GladSS et H9a 10 697 950 PA Flsh s onnline 4 jsbiles and e (Li 65 4,

dM:N%dx=Ndy M)
dx

dyzﬂdX=(a+ﬂ)dx D
dx

S Dy g et slaglies w4 Bea ol o a8

12 Ayvaz
13 Maetal.
14 Chen
15 Paz
o1



Ye-OY i’ x\\"~hr/p/tfx’;’7u;) 1) o’j&)ujdb/é 1
- <

—— — | ] @ — —-

vo—-dx-——

a) Before deformation

b
N
N o R
L S A o
i

b) Only bending rotation

\ﬁ/ —~——
N /' :‘
—_—

¢) Only shear distortion

d) Bending rotation and shear distortion

o — e el Ky LIS i 1) S

<S> doleo-1-1

o g 38 (b 5 emilyiie Gl SO Y S 250 o 1 (o tall 90 SVl s (69 2 $SDgesS g 58 S
Bl et w4V Joled doles (yiligl b aws o lid 1) 00)ly sl S g lag s

oV, i}
o - aTky ey )

ov



YO .7 AP xr/ oA 1{1."7 29 o’jvf/)ujdbfé

p(x,1)
My I A M+dM
N | Imipy )y

LT T T Jvedy

ARAOES |
O YO
Ky
Ol S 0ylg lag p oY Sl

f‘"’)“b Lib).».: @Lod.a.a LS)B:" )‘ oolazwl la Mbsa rlS"-'S 6Lm).d >_._‘>L..u > kS 9 )...u.._v 9 ).u Oy ‘Bﬁl.xala ,......5 . )u\al q QT 5o as

V,(x,t) = -k AG A, )

s p33 il & Ky olsze & KIAG imen aitbice b &Y Lo e 5 o5 S3e b By KA T 5 a8

sl 25 Sygo &Y g Py sy S5 et e (Seilains galaly 9 o iy pa5 Al o
B=— ®)

2

0

qzksy—kgaTi+cdy *)
g Al 55 D ygo A gty Jold SYolae ¢ ) dolre 4 ax g3 b K0 (gau )

oV o?
&z p(x,t)—mat—zl—q(x,t) M
oM o
M _viile Y N
OX ot OX

Oloo o V(e a5 3 6395 ool aidligo 8 sk aly oy (Glisd (o sial 5 pyz syl 99 i (RSTy o 2,15
1y S8 et wll G ) Dpgo a4 ol e M ies

oA



YO .7 AP xr/ oA 1{1."7 29 o’jvb)gjjdb/g

V(x,t)=-k'AGS @)

— Oa
M(x,t) = E1 2% 0
OX
Ji5 i bl plo s 5 e whaw 3o Glos | o gllas (2 5 Sk Sldgae G g E otes S @ ] o a8
wyad Gy 5 Syse d e ) G5 B slasne ain

E=E(l+iws) am
C_-‘;=G(|+ia)77) \Y)

MG‘OJLA J)LW‘ “5.0[) wlfoUBé‘j CJLAA @9‘9 su).:jgial.» GLDJSJ.A G E sd.»LJu ‘Uw.:lSJ.BC() )045
1l Aol & g0 4y abasl) cplalib o 5 Sy 5 By o (Sleiw ikl Koo b

Q=0:+,8 )
OX
Wed owi il ) DHge 4 Wlg e A gV SYslae VY g Ve A F Yol jleslaal b
6 0 6
oy +KAG(— “ y)—p(xt) 0f)
6t
Ela—f’—k’AG(a—g)—Ja—f‘+N@:o (1)
ox x o ox

Lld L (550l 39 Sl i (55, 2 55055005 G5t s (o558 AU 8l S5 80 S¥olee Salos S ¥ols
(SIS melym 10 aoles ;o VF doles @ 6 0Kl Lol o (losles ol g Ly s L3l 0,

o'y oy ., dy
El —- +m—--mr
ox* -F ot? ox%ot?
El & 82y
k'AG ox° (p )

mr? o° o’y o’y
9 p-m@Yy Y
k'AG ot? (p ot? ) ox’

+

7

=0

S [ps 0 Wolro f>—V-T
Oyl Cawd s g (sl ,bgs SVl s (S9, p siSgend g 8 Seslus (B o ple yols lawy dlie opl Gos
Ao Glojle (lyee 9 (38 SeS) e s SIS s (ot 4 il oo Lgayo 02 5 (oot (S5 (5 Slo s Sle
Sl 23¥ N0 g VF 5 00 edlas SV¥olas o (6l 050 apled Corw g 0duzen Jlaws ;9500 Ly O jg0 (l juf )0 05 o0

o9



YO .7 AP xr/ oA 1{1."7 29 U'M,’uidbfé

Ay 23 Oyge w Glg e |y @ Hlhes Y bl sells Shgesla el (gl 09l a8 SIS @ e prite (gLl g, A

O
y(x,t) = g(x)e" Ov)
a(x,t) = y(x)e" OA)

410 5 VF CS e c¥olee VA 5 1Y S¥oles 5l ool b aiies g050 JS3I W g @ g Lol Guils 3 Sla@ o o a8

(g oo (smghil R Sjpe

¢" +ag"+bp=0 09)
w" +ay” +by =0 (¥+)
as
a=cd+ f+hd Y
b = cdf Y)
me® —k
k'AG
k'AG
=— (YY)
kg +k'AG
2 [
fo Jo® —K'AG (C_\l\»')
El
k'AG +N
h=——— (>-YY)
El

SB(X) sl YF S¥olas & 50 4 )] sloclsr 4 aiien Sl pyliz i pe s JLeilyiss <¥olae Yo 18 ¥oles

e W (X) sl YO

4

#(x)=2 Ce™ v
i=1
4

w(x)=Y De™ (Y0)
i=1

Iy polis Yo g 1 &¥olee ;o YO o YF O¥olee 3500l oiil oo Lalisie e o)les b g Jalise ol o la Di g o Ci a8

.».).bb‘j.c Cawd



YO .7 AP xr/ oA 1{1."7 29 U'M,’u/gbfé

V2
D, :i{%[—aix/az—%} i=1,2,3,4 \ig)

AS oo Digl G s alal; VA @¥olae 10 YO 5 YF &¥olae (0500 uisen

D =9C, v
P
= T A
g d b
5 Sy i 55 ) 2y el 3 sy ¥yn 8 o S0l (5l e s 5 550 bl 3 osliial b oo ez
g4:_gs 92:_g1 p4:_p3 pz :_p1 )

Sygl cws |y s abaly g co Sl 4 YA g Y2 g VY 5 7Y O¥oles jl ool b (pieon
b—acd+c’d®  kAG 5
d? El

P P99, = )

ol ZAw s pilo-F-T
25 Syge 4 Cj ol po s Wl oo el oals ools (LIS Y S jo aS jshailen 15 slel 9o 2,5 (sla e s aials

el oyl
#(0) 1 1 1 1 C
y(0) g, -9, g, -9, |JC,
= xY)
#(L) e™ e’ e e’ C,
w(L) [ge" -ge” ge” -ge" ]|(C

(2} =[Plic) o

— —

—~—ph

g g3 ledl gol3T il yo Y Sl

g ALdg 1) Dyge A (B (1K yosS o Wil g0 Ve g A DYolas jleslainl b s 5 slel g0 25 slag

1)



YO .7 AP xr/ oA 1{1."7 29 U'M,’uidbfé

V(0) K'AG (w(0) - ¢'(0))
—-M (0 —Ely'(0
(Fl © | w()’ -
V(1) -KAG (w()-4'(1))
M (1) Ely'(1)

Bl oo Caws a0 YT alal, YY woles ;0 YO ¢ Y o¥olee 5 350 L

{F}=[L]{c} f)

Wl oo Cawd A 5 Sygo a8 (Sealnd e e ke FY 9 YY) SVolae leslael b colys jo
{F}=[K}{a} re)
(K} =[L][P] 2!

55 it 15 obul 31 eolitul b olsiice |y uyile 2l (s e o o liels

—k'AG(p,9, - p,9,) = Elg,0,(p, — p.)
=Elg,0,(p,9, — p,9,)

V)

St s 63y 52 Sebigans Oy 5 (Selind Ty ilo 3,5 i YA 5 YA S¥bre jl ool b ol sa |, 30 bl
Dgr dalg 15 igo oo Cewd 4 YO alal) 5l aS 5l Lgs

Nll NlZ N13 N14

[S]:E N21 N22 N23 N34 (Y’/\)
D N31 N32 N33 N34
N41 N42 N43 N44

D= (91 _ 93)2 I:e(p]—pa)l PSR :I

~(g,+9,) [ ™" +e ™" ]+8g,0,
N11 = N33 = glgs(plgl - p393)><
(gl _ ga)l:e(p,wg)l _e*(p,+p;)|:|+(gl + ga)l:e(P,*pz)l _e,(p‘,pz)lil}
le - NZl - _N34 :_N43 = Y1)
-4(p,9, + p,9,) +(p, - P, )9, - gg)x[e(p,*pj)l _e,(,,1+p]),:|+
9.9
3 (p,+p,)g, + QS)X[e(pf"a“ _e,(pl,pa),]
sz = N44 = (Plgl - pagS)x
{(g1 _ g3)|:e(p,+p3)l _g e :| _(g1 + gs)lie(p;pa)l _gnn ]}

1y



YO .7 AP xr/ oA 1{1."7 29 o’jvb)gjjdb/g

N, =N, =-20,0,(p.9,~P.g)| 9, (¢ —¢ ™) -g, (" —¢™) ]
N23 = st =—N

w = _N41 =
_29193( plg1 — 393)[(6,91! + e—pll )_ (epa' N efpa' ):I
N,, =N, =2(pg, - psgs)lig3 (e”l' —e'pi')—gl(e"a' eV )]

Fonsil 320 dolro sLOIgs> pgas o Coxs Y

Syt oz 2,5 oo oo
¢Iv+b¢"+b¢:0 (6,1,5-19)
w" +ay” +by =0 (6,)S5-Y+)

Cowss 43 YF calal) 5l alsles > (slpy e glacdls oyl 5,138 o 5 Lls, ol J> g5, D 5 @ caodle a5 el s

oS o0 455 5 Ol ol e
a’—4b=(cd - )’ +(hd)x
(k’AG+Nj me’ -k Jo' —k'AG (f)
d+2 =~ |+2
El k, +k'AG El

S99 > A o Fpa ol b polis o)lgen —a++a’—4b Sole ol plo wal oo 555 0l & le o

bls dales

- Jsl <>

—a—\a’-4b<0 , -a+ya’-4b>0 (V)

A bl olacl Py g Py g s ad> 90 50 Py Py ol pl
p3:—p4=ir2 s P=—-P, =0 (v

5 i P Ol 90 il e b as Jloj cplpl .l e caws 4 D0 (Kosen 0 FY alal) slagsslasl (48,5 ©po b

—ﬁjb gAJl>

—a+va’-4b>0 , —a-+a’—4b>0 ()

ay



YO .7 AP xr/ oA x{;’f 29 U’jvb)gjjdb/g

A s olael Pl e cdls ) o

P=-p, =L s P=-P, =1 (%)

..Qagd*t"‘-"bdfg_;‘bj el el ...\JLSA can s a<0 ¢ b>0 Goaed 0 FY alal, slasglusl 0,8 o b
iyt e i ) sz ez w2l

Py S
—a+ya’-4b<0 , —a—-+a’—4b<0 (¥o)
e i slael P o cdb cpl o

p3:—p4:ir2 9 pl:_p2:irl (t#)

Y slod jo J8 Cdlas b 5illas ...\Ju_n cawsx @<0 ¢ b>0 (Kown 0 FO ahl, sl 3,5 o b
1 ¢ . - : st s
YA g, o E-I—FQ)L:, lplo il oo i o)lgen Lyl aoye plply e bl bl b ga> L P,
i
o2 0 sl > P ST onl e cans 4 ads olael o P oyl D cu S ool s sae G o)lge
903 Ol ) Oyee 4 lei o 1) 558 e A 09 dalgs Lalises v 0 il lalies P 515 09y wale> Ao

b<0 p,=—-p, =1
g

b>0 a<0 =-p, =r
pl p2 1 (fv)

b>0 a<0

o b pole Slgi g by —F
b ol polis syl 90 Sen¥l s (59 50t 5 S 330 (Seslad (S e 5] e 5l o
S e o s (Jols Loy Jsl 4 pe Ohlax 45 358 Culi B 2igd oo 00l Loy Slgi slaes o ) oolital b
Lo cnl 50 eyl T (0l Coss a3 x Sgame sl by, alex 5l Jslate sla by, j0 45 diias ey g (wiia
Sy Sldee onl el gl oo 485 )15 4 s 5 020 (B8 o Jold Sy Slacs e 695 2 62 Slles (2L,
b g Boyd ez SouS0 bl oo [ Kon (slags yu o IS 5ok 0 [YF] conlonts coli Vol bawg Jol> lags o (2l Ken 5
Sllos g wnlss | Xen alsl sl Ko S tie anb o Jilas 55 Sldas ol 5l ol slas jw 5 Sgd oy

16 Knopp
14



YO .7 AP xr/ oA 1{1."7 29 o’jvb)gjjdb/g

30 e ol @ Jolo (6 (o] Fod glad (e altass a2 51050 plowil (gole 90 ) Wilgs oo 35 Sl (S a0 90 rnads
Jol> S5 (6 &5 S G55 o0 paitee jsb 4y 0)ls balide gloyiie (6585 51 (2LLaS (65 1K @ 5Ls altee (pl wans
b bl amio 0 2wy abaii o 5005 glat 52y 55 0 4 slols jo Lalises alais Jo> 1Ko Sls5 (5 5 9 o |
T 9 Oz Il (( Sealins (Frw el polie ols oy jolaie 4 ol Ko 05d g0 paine 750 Sy dlowy 4 oS
5 A yiehly 93 YY 5 YV V) w¥olee jloslitul b wigd ol (55570 S50 5 LS iS58 5] (ol ©j50 4 il olie (nl

kK'AG + N mw’ —k
a=| — |d+| ——= |d +
El k, +k'AG

gl gl ) s 4 il o D

(LS)‘JS-""H)
Jo' —k'AG
S
b:(ma)z—ksj[\]wz—k'Ado (,L,S5-YY)
kg +k'AG El
1bgl 5 D yge 4 Olien |y Y ol cnlpln aites yio jl 55,5 S5 polie gl D 5 b ce sunlive a5 ok lon
=i (FA)
p,=ir, ()

1 v

r1={—[a— a2—4b}} ©-)
2
1 v

r3={5[a+ a2—4b} (3D}

gl ol ) SHgo 4 .\.:.;|5.';Ga YA dolre a5 b ilie j5bo @

g1:id1 oY)

g, =id, oY)
I C

d1 =1__ oY)
d
I, C

d3 :j—r— OO)
3

Pt s yilo yolic a5 34 oo oadlice 39 a5 SVolae (pl 4 ST .l Yoo 018 s juo (398 Laily, 4 4> g5 L >
Ose ep9 sy Gloll Jle (6l Euligh (55570 S350 5 (st A, W 1 (ol Sjpe (oo 1) S 090 (Sl
S 0 S 1) SS90 (5o 51

21

N
S, =EI—*2% (07)
D

10



YO .7 AP xr/ oA 1{1."7 29 U'M,’uidbfé

N21 = glgS{_4( P.g, + psgs)
+(p1_ pg)(g1_g3)x[e(pfp3)l _ei(pﬁpa)l} (QV)

+(p,+p,)(9,+ ga)x[e(pfpa)l _pp }}
N21 = (91 - 93)2 I:e"’ﬂ*"z)' _’_e*(p,w,)l :I _

“p)! “(p—p)!
(PPl | o =(PmPy) :|+891g3

(BA)

(0, +9,)" x[ e

0,5 o yols Jans sl oolel assys g 0 N 5l il a0 ylgs o 1, D g Ny 8 B FA 5 VYY) S¥0lee 5l ool b
ali 5l oldas cpl ol 6l U e 4ol (Son o Sae Cewd b (G135 (6 o0 4 Ly 4 bgype 5L, Slilas plowl Ll
(il sl 55 O ge Gl Seelnd (B o yle Sy Ll lavs 048 0 oolixwl Mathematica sl

S,, =K, ~G,N-M, 0’ -M, &' +... (%)

el £o o leds alayly Oygo K21 Looas ools lis (g 3l ide SO Jadd Jlie gl

K'A KAGL: (KAGL: Y
K, = EI( Gj | KACL [ KAG
El 12El 12El
. . *#+)
k'AGL? k'AGL*
- + T
12El 12El
. HES K., 5l Coond l¢ —12E| : L
S ds e i _ .
P PRl i 21 o2 k'AGLZ b
{GEI(lj( 1 1 1 1 )}
Kp=y—|—- 1=+ =+ ||+~ #Y)
L \¢ g ¢ ¢ ¢
S il (b
1
— =1-x+xX =X+ x - ¢Y)
1+X
el ol
1 1 1 1
1——+—3——3+—4— =—1 %)
¢
6EI( 1 6EIl 1
Ky=—1|~ i+...: —| — |+.. ¢#%)
L \¢/)\1+¢ L \1+¢

1"



YO .7 AP xr/ oA 1{1."7 29 oo:«r,,u/gb/g

9)&5)““&@@)3]999544)54&&\59wl)....sowfl)omym)lwwldmﬁml)@wlqab
el 4 gile ool Oldes 51 g0l s pox> ploil g allily 5l oolasnl b guls Oyl Cews @ dx il oo o Y

g dale> py Ojse 4

[S]=[K]-[GIN -[M]e’ - ¢0)
[AIN@® —[G,IN’ —[M,]o" —...

Diloas 00ls ylid dapad 10 s yle (pl .0 ,9] s 4y Loy Sldae daldl b ylg5 o 1y 5V 4

S5 Al 9 (G g -0

Dl o USG5 o e (5970 (S9,m H 38,5 Hhai 0 O jse j0 aS Sl 0uld ools las Tal i ol o
2 S 380 dolas leolatnl b e ol oaiis a8 3 )la3 jo iy dlone Sl gan lawgl fgog0 (pl aigd 4285 lai s
59N P g (e B ¢ s 5l o (40 5] s 4 da ol (a0 Al 00ls Loy g slags e 5l solal b
plol 51550 me aoms cogdle 4y .l g0k Cedl sl S s wilsi sl e o Sle ol Dl Logs IS ailgs 5l eslasul
Gl ulos o oS 4 a5 [K]-0’[M] ol Le aS 39 oo aaxMe cods 1,3 Lol Ay 4 a4z b aS canl ol Gubos oyl
Slp oyas 4 O)le tal g Sl 15 (Salos (B 5l 5l gl 4 po B S a8 08 oo 13 eoliiul 890 (Sl

D¢l Fusual pgd A e o yile 5l oolaiwl b ..\;‘yu_n oolss )l gYU sleoge

&l -F
1- Valsangkar, A. J. and Pradhanang, R., 1988, Vibrations of beam- columns on two-
parameter elastic foundations, Earthquake engineering & structural dynamics, 16, 2, 217-225.
2-De Rosa, M. A., 1995, Free vibrations of Timoshenko beams on two-parameter elastic
foundation, Computers & Structures, 57, 1, 151-156.
3-Yokoyama, T., 1996, Vibration analysis of Timoshenko beam-columns on two-parameter
elastic foundations, Computers & Structures, 61, 6, 995-1007.
4- Eisenberger, M. and Clastornik, J., 1987, Beams on variable two-parameter elastic
foundation, Journal of Engineering Mechanics, 113, 10, 1454-1466.
5- Zhaohua, F. and Cook, R. D., 1983, Beam elements on two-parameter elastic foundations,
Journal of Engineering Mechanics, 109, 6, 1390-1402.
6-Naidu, N. R. and Rao, G. V., 1995, Vibrations of initially stressed uniform beams on a two-
parameter elastic foundation, Computers & structures, 57, 5, 941-943.
7- Timoshenko, S. P., Goodier, J. N., 1970, Theory of Elasticity, Third Edition, McGrawHill
Book Company, Singapore, 567 pp

v



YO .7 AP 1(/ oA x{;’f 29 U’M/)cj;db/g

8- Widad, B., Salah, K. and Souad, B., 2019, Soil non-homogeneity and soil-structure
interaction effects on beam vibrations, Proceedings of the Institution of Civil Engineers-
Structures and Buildings, 1-10.

9- Boudaa, S., Khalfallah, S. and Bilotta, E., 2019, Static interaction analysis between beam
and layered soil using a two-parameter elastic foundation, International Journal of Advanced
Structural Engineering, 11, 1, 21-30.

10- Mullapudi, T. R. S., 2010, Nonlinear finite element formulation of the soil structure
interaction through two-parameter foundation model.

11- Avcar, M., 2016, Effect of material non-homogeneity and two-parameter elastic
foundation on fundamental frequency parameters of Timoshenko beam, Acta Phys Pol A ,
130, 375-378.

12-Froio, D. and Rizzi, E., 2017, Analytical solution for the elastic bending of beams lying on
a linearly variable Winkler support, International Journal of Mechanical Sciences, 128, 680-
694.

13- Mullapudi, R. and Ayoub, A., 2010, Nonlinear finite element modeling of beams on two-
parameter foundations, Computers and Geotechnics, 37, 3, 334-342.

14- Obara, P., 2014, Vibrations and stability of Bernoulli-Euler and Timoshenko beams on
two-parameter elastic foundation, Archives of Civil Engineering, 60, 4, 421-440.

15- Chen, J., Feng, Y. and Shu, W., 2016, An improved solution for beam on elastic foundation
using quintic displacement functions, KSCE Journal of Civil Engineering, 20, 2, 792-802.

16- Ayvaz, Y. and Ozgan, K., 2002, Application of modified Vlasov model to free vibration
analysis of beams resting on elastic foundations, Journal of Sound and vibration, 255, 1, 111-
127.

17- Basudhar, P. K., Yadav, S. K. and Basudhar, A., 2018, Treatise on Winkler modulus of
subgrade reaction and its estimation for improved soil-structure interaction analysis,
Geotechnical and Geological Engineering, 36, 5, 3091-31009.

18- Ma, J., Liu, F., Nie, M. and Wang, J., 2018, Nonlinear free vibration of a beam on Winkler
foundation with consideration of soil mass motion of finite depth, Nonlinear Dynamics, 92, 2,
429-441.

19- Winkler, E., 1867, Die Lehre von der Elasticitaet und Festigkeit: mit besonderer
Rucksicht auf ihre Anwendung in der Technik fir polytechnische Schulen, Bauakademien,
Ingenieue, Maschinenbauer, Architecten, etc (\VVol. 1). Dominicus.

20- Chen, Y. H., 1987, General dynamic-stiffness matrix of a timoshenko beam for transverse
vibrations, Earthquake engineering & structural dynamics, 15, 3, 391-402.

21- Paz, M. and Kim, Y. H., 1991, Structural dynamics, Springer.

22- Paz, M. and Dung, L., 1975, Power series expansion of the general stiffness matrix for
beam elements, International Journal for Numerical Methods in Engineering, 9, 2, 449-459.

23- Paz, M., 1973, Mathematical observations in structural dynamics, Computers & Structures,
3, 2, 385-396.

24- Knopp, K., 1990, Theory and application of infinite series, Courier Corporation.

TA



YO .7 AP xr/utf 1{1."7 29 Jﬂl)ujdb/é

5 e Jol (e il -

12 6l -12 6l
K] El 6l (4+p)° -6 (2-9)°
" PA+e)| -2 -6l 12 -6l

6l 2-9)° -6l (4+o)I’

s s (G | ol (B e il -

B T g 1y 9 3 g 3 3 g
—t— —+—+— |l —t—+— -l —+—+— |l
B 0 3 W W A 00 6 m 0

11 1 ¢z 1 0 (1)Z , 13 3 wz 1 9 wz ,
—+—+— |l —+—+— |l -+l | =+l
[ ] ki 20 120 o 105 60 120 o N u 40 60 120
K |=
(L+9) 9 3 ¢ B 3 B T 1y o
—t— -l —+—+— |l —t— -l —+—+— |l
0 10 6 20 40 A B W0 3 20 120 24
B % g Lo o), (1o Loy o,
|+l =+l |+ | =+l
L\40 40 2 40 60 120 20 120 4 105 60 120, J
[ 6 . 1 6 ) 1 ]
—+20+¢ =1 -|=+20+9 =1
5 10 5 10
1 2 9 ¢1 , 1 1 ¢ 4/;I R
=l —=— 1l -=l A==
k“ 10 15 6 12 10 30 6 12
[k ]-——
I(1+¢) 6 A 1 6 A 1
-T2t -—l —+2+¢ =
5 10 5 10
1 1o o), 1 29 0,
=l A== -=l —=— 1l
L 10 30 6 12 10 15 6 12 J
QQ)LJ (S ‘Sonw WJJLA -
6 1 (e ) 1
—+20+¢ =l -|=+20+9 =l
10 5 10
1 [2 0 wz)r 1 (1 [ (p]
—1 —+—+— |l -—I1 -l —+=+— |l
N 10 15 6 12 10 0 6 12
[e]-
It+g) | (6 1 6 1
—(*+2¢+w) -—I —+20+¢ -—I
5 10 5 10
1 1 ¢ ¢ 1 2 99
—I -l —+=+—I -—1 —+—+— |l
10 0 6 12 10 15 6 12

14



B 7 g
22z
B 03

1oy g
-2
W W
9 3 azz

——=
010 6

3 3 07
| ===
L\ & %

i)

11y ¢
—+—+— |l
20 120 4
AR
| —+—+— |l
105 60 120
B 3 (aj
el
00 40 u

1 g g,
I - —+=+— |l
40 60 120

29 9,
—+—-—l
556 3

1
,(_,f).

0 2

1 g ¢,
-l —=+=-—]l
N6 6

9 3 wt
——=

00 6
B 3 ¢
it e
w e %
B Tp q)t

—_——

¥ 10 3

11y ¢
B P

A0 120 A

|
|

(1 wj 19 o),
B ) TR P A
0 2 0 6

(1 wj 29 4,
B TR e A
02) \5s 3) |

B 3 02
St |l
2 40 u

1 ¢I X

I —+=+— |l
40 60 120

( 0
11y ¢
—s——l
0

20 120 4

1 ¢Z R
I - ==+l
105 60 120/

25 0355 052 (Ggo (ol Jolo 02 il -



